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The t r a n s f e r  functions and app rox ima te  different ia l  equations of the in te r re la t ion  between the 
t e m p e r a t u r e  of a body and genera l ized  the rma l  effects  a r e  obtained. The coeff icients  of the 
t r a n s f e r  functions a r e  found with cons idera t ion  of the shape of the invest igated body. 

The  t e m p e r a t u r e  in var ious  objects  is calcula ted on the bas i s  of solving the equation of heat  conduct iv-  
i ty with cons idera t ion  of the geomet r i c  and the rmophys ica l  p r o p e r t i e s  of the invest igated body, conditions 
of its heat  exchange with the ambien t  med ium,  and c h a r a c t e r  of the t empora l  change of the r eg ime  energy 
fac to rs .  The comple te  solution of the p rob l e m of heat  t r a n s f e r ,  even with a number  of s implifying p r e m -  
i s e s ,  canno~ always be obtained in a fo rm convenient  for engineer ing use .  The indicated difficulties can 
be e l iminated to some  extent by cons t ruc t ing  combined solutions sui table  for  bodies of d i f ferent  shapes  and 
l imit ing the p rob l em  to the s e a r c h  for  the c h a r a c t e r i s t i c  t e m p e r a t u r e s ,  for  example ,  cen t ra l ,  ave r a g e  s u r -  
face ,  and a v e r a g e  volume t e m p e r a t u r e s .  

The body under  cons idera t ion  belongs to a c l a s s  of convex polyhedra ,  and the the rmophys ica l  p r o p e r -  
t ies  do not change with t ime and do not depend on t e m p e r a t u r e .  The t he rma l  r eg ime  of the body is d e t e r -  
mined by the following the rma l  effects :  

1) t e m p e r a t u r e  of the externa l  medium t(T); 

2) ex terna l  energy  s ou rce s  whose densi ty  pe r  unit su r f ace  of the body is equal to q ( r ) ,  W/m2;  

3) in ternal  un i fo rmly  d is t r ibuted  energy  sou rces  (sinks) whose densi ty  pe r  unit volume of the body is 
w(r), W/m3; 

4) t e m p e r a t u r e  of the med ium v(T) pass ing  through the body. 

The p r e s e n c e  of the fourth r e g i m e  fac tor  means  that the body is some  o rde red  s t ruc tu re  with open in-  
te rconnec t ing  p o r e s .  The intensi ty  of hea t  t r a n s f e r  of the body with the external  medium is cha r ac t e r i z ed  
by the h e a t - t r a n s f e r  coeff ic ient  a ,  W / m  2 . deg,  which re ta ins  a constant  value for all  por t ions  of the body ' s  
su r face .  The intensi ty  of hea t  t r a n s f e r  with the in ternal  med ium is de te rmined  by the p a r a m e t e r  b, W / m  ~ 
�9 deg, which a lso  r e m a i n s  constant  for  al l  e l ements  of the body ' s  volume.  

The in tegra l  geomet r i c  p r o p e r t i e s  of the body a r e  given by i ts  total  volume V and external  su r face  S. 

With these  p r e m i s e s  the p r o b l e m  of hea t  conductivity is l inear .  To s impl i fy  i ts  formula t ion  and so lu -  
t ion we will hencefor th  use  t e m p e r a t u r e  u( r ,  T), which is the a v e r a g e  t e m p e r a t u r e  on some  su r face  a lo -  
cated within the body. The in t e r re l a t ion  between the ave rag ing  su r face  and the space  coordinate  r is gov-  

e rned  by the equation 

+ 

I t  is n e c e s s a r y  to note that  coordinate  r is  not d i ree t iy  r e l a t ed  with the usual (e.g., Car tes ian)  e o o r -  
dinates  x, y ,  z; i t  is expedient  to locate  i ts  or igin  a t  such a point within the body where  the t e m p e r a t u r e  
gradient  is  equal to zero .  F o r  bodies  of a r egu la r  shape having axes  or  planes  of s y m m e t r y ,  the locat ion 
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of the point  of the ex t r eme  value of the t empera tu re  usually coincides with the center  of gravity of the 
body .  

For  a zero  value of r the t empera tu re -ave rag ing  surface  contrac ts  to a point, and for i ts maximum 
value,  equal to the cha rac te r i s t i c  s ize  of the body, ~ becomes equal to the surface  of the body, i .e . ,  

~1 ~=o = 0, ~1 ' = ~ =  s .  

The volume e lement  of the body dV is found according to the re la t ion  dV = adr .  P rob lems  of determining 
n and R for di f ferent  bodies a r e  d iscussed in [1]. The in te r re la t ion  between the geometr ic  quantities is ex-  
p r e s s e d  by the re la t ion  

V R 
S - -  n + l  (2) 

On the basis  of the definitions given above we can obtain the following one-dimensional  equation of heat  con-  
ductivity for  a homogeneous isotropic  body: 

Ou IO~u nOu b ) 1 b +-; § , ~  (3) 

with boundary conditions 

~-r + ~ u = q + st ,  = 0 (4) 

and initial condition 

Applying to (3), 
sociat ing the t empera tu re  t r an s fo rm  with thermal  effects:  

Here  

a r e  t r ans fo rms  of the var iables  

u (r, ~) ~=0 = 0. (5) 

(4), and (5) the integral  Laplace t r ans fo rm [2], we can obtain a general  re la t ion a s -  

U (p, s) = Y~ (p, s) Z e (s) q- Yi (P, s) Z~ (s). 

Z e (s) = T (s) + ~ -  Q (s), 

z,  (s) = v (s) + T ~ (s) j 

(6) 

(7) 

1 1 
ze(z ) = t(T) + ~-q(~), z~(~) = v(~) + -~- w(~). (8) 

Function Ze(T) and its Laplace t r ans fo rm Ze(s),  which de te rmine  heat  t r ans fe r  of the body in the case  
of the total effect  of the t empera tu re  of the external  medium and energy sources  on the sur face ,  will be 
called the general ized external  heat  effect .  Function z i ( r )  and its t r ans fo rm Zi(s ) , which re f lec t  the total 
effect  of the internal  energy fac tors ,  can be called by analogy the general ized internal  heat  effect.  

The t r ans fo rms  of the effects  a r e  re la ted  with the t r an s fo rm  of the t empera tu re  of the body by the 
functions Ye(P, s) and Yi(P, s), which vcill be called the t r ans fe r  functions for  the t empera tu re  of the body 
with r e spe c t  to the external  and internal" heat  effects .  A noteworthy cha rac te r i s t i c  of these functions is that 
they a re  de termined  only by the intr insic  p a r a m e t e r s  of the body (its dimensions,  thermophysical  p rope r t i e s ,  
and hea t - t r ans f e r  coefficient) and do not depend on the magnitude and law of var ia t ion of the reg ime  factors .  
The investigated body can be regarded  as  a heat  sys tem t rans forming  the input effects  Ze(~- ) and zi(T ) into 
the output quantity - the t empera tu re  of the body u(p, r ) .  

On the basis  of re la t ion  (6) we can obtain the equation for determining the t r ans fo rms  of the cen t ra l ,  
average  surface  and average  volume t empera tu res  of the body: 

Uo (s) = Y~, o (s) Z~ (s) § Y,, o (s) Z, (s), ] 
Us (s) ----- Ye. s (s) Z e (s) -}-Y~. s (s) Zi (s), / (9) 
Uv (s) = Ye. v(S) Ze(s) + Y~, v(s) Zl (s), 

which a r e  found f rom (6) respec t ive ly  for p = 0, p = 1, and as a resu l t  of integrat ion over  the volume of the 
body with considerat ion of re la t ions  (1) and (2). 
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The structure of the transfer functions is shown in Table I, where the following notations are intro- 
duced: 

= ,aR, ~ = ] / /  b s 
k- + ~ ;  (10) 

n - -  1 aR 
" - 2 ' ~- -  ~. , (11) 

G(s) = 13 -v [~ I.(~) + [3 I~+1 (~)l. (12) 

If  in ternal  "convect ive"  energy  sinks a r e  absen t  in the body, i .e . ,  b = 0, fo rmulas  (10) a r e  s implif ied:  

and the heat  effect  zi(T) and i ts  t r a n s f o r m  Zi(s ) a r e  de te rmined  by the re la t ions :  

R ~ R 2 
z~ (~) = - 2  w(~), z, (s) = ~ -  W(s). (14) 

The f o r m  of notat ion for  t r a n s f e r  function Ye and its  p a r t i c u l a r  cases  with cons idera t ion  of (13) r e -  
mains  as  before  (Table 1), and function Yi is found f r o m  the equation 

~ I,(~) ~- ~ I,,+t (~)J" (15) 

For values of the index p = -1/2, 0, and 1/2, i.e., values of form factor n = 0, I, and 2, we obtain 
from expressions (6) and (9) rigorous solutions of the problems of heat conductivity for bodies of a canoni a 
eal shape (plate, cylinder, sphere). Transfer functions Ye and Yi accordingly change to exact transfer 
functions for a plate, cylinder, and sphere, which are given in [3] or can be found from solutions in [2]. 
For other values of n Eq. (3) and solutions (6) and (9) are approximate and for the majority of practicalprob- 
lems provide an accuracy sufficient for engineering calculations [3]. 

The formal change from solution (6) to the true values of the temperature u(p, T ) in the presence of 
continuously varying heat effects Ze(T) and zi(7) can be done on the basis of Duhamel's theorem or theorem 
of convolution of functions [2] 

. (o, ~) = ~ Co, o) z. ( ~ -  o) dO + j~ ,  (p, o) z, (~ - O)dO. (1 6) 
0 0 

We note that  in the theory  of l inea r  dynamic s y s t e m s  the functions Ye and Yi a r e  usual ly  cal led impulse  
or  weighting functions of the s y s t e m ,  which co r re sponds  to a specia l  ease  of effects  given in the fo rm of 
unit  impulse  functions or  D i rae  delta functions.  

If the genera l ized  heat  effects  va ry  in t ime ,  then despi te  the use  of the one-d imens ional  equation of 
hea t  conductivity (3) the change f rom Eqs.  (6) and (9) to the actual  t e m p e r a t u r e s  is r a t h e r  compl ica ted  and 
the solut ions obtained a r e  not a lways  convenient  for  p rac t i ca l  use .  One of the possible  ways of s impl i fying 
the p rob l em is to r ep l ace  the t r a n s f e r  functions (Table 1) by app rox ima te  express ions  which should be s i m -  
pie in f o r m ,  p e r m i t  changing back to the or iginal ,  main ly  by means  of rabies of opera t ional  co r r e spondences ,  
and take into account  the m o s t  essent ia l  p r o p e r t i e s  of the initial ("exact")  t r a n s f e r  functions. I t  is r e a s o n -  
able  to r e p r e s e n t  Ye and Yi in the f o r m  of the ra t io  of two functions ~(p,  s) and G(s), each of which does not 
have s ingular  points  (poles) and can be expanded in a power  s e r i e s  with r e s p e c t  to p a r a m e t e r  s [2, 31: 

r  (p, s) ~, (p, s) 
Y , ( o , s ) -  G(s) ' Y~(p,s)-- G ( s ~  (17) 

If in the expansion of the numerator and denominator of (17) we restrict ourselves to several terms, 

in place of the initial functions Ye and Yi we obtain their approximate expressions, which are the ratio of 
two power polsmomials, i.e., ordinary rational functions of parameter s. 

For the important particular case b = 0 (absence of "convective" energy sinks within the body), ex- 
panding functions (17) figuring in Eq. (6) and restricting ourselves to m terms in the numerator and n terms 

in the denominator, we obtain: 
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T A B L E  I .  T r a n s f e r  F u n c t i o n s  for  T e m p e r a t u r e  of Body  

Temperature Function Ye Function Yi 

(pp)--v iv (pp) 
Local u (r, r ) 

Central u 0 ( r ) 

Average surface 
u s ( r )  

Average volume 
u V ( r )  

T A B L E  2. 

Ye (p, s) - ~ (s) 

2 v r ( l + v )  
Ye, o (s )=  G(s) 

~p--v iv ([~) 
Y~, s (s) = ~ (s) 

2 (v + 1) ~13-(~+1)1v+ ~ (l~) 
Y,, v (s) G (s) 

Yi (P, s) = + , [ l - - Y e  (P, s)l 

Yi o (s)= b _ ~ [ l _ _ y  e o (s)] �9 ;~/xs ' 

Yi. S (s)= + [1--Ye. S( s)] 

"Yi, v ( s ) = +  [1--Ye, V (s)] 

C o e f f i c i e n t s  o f  T r a n s f e r  F u n c t i o n s  

Coefficients 

a I 

as 

bx 

hi, s 

bl, v 

bs 

b2, s 

b2, v 

Form factor of body 

4r 

1 
RZ 1 + -~-- ~ 

2 (1-}- v) a 

1 + 1 ~ 
RI 

8 (1+  v) ( 2+  v) a s 

R2o 2 
4(1 + v )  a 

R2 
4(1 + v )  a 

Rs 
4 ( 2 + v )  a" 

R4p 4 
32 (1 + v) (2 + v) a s 

R4 
32(1 + v) (2 -[- v) a s 

R* 
32 (2 + v) (3 + v) a s 

R ~ 1 + + ;  
(1 + n )  a 

1-+- 1 

2 (1 + n) (3 + n) a s 

R~p ~ 
2(l + n)a 

R2 
2(1 + n)a  

RS 
2 ( 3 + n )  a 

Rap ~ 
8 (I + n) (3 + n) # 

R ~ 
8(l +n) (3+ n)a 2 

R4 
8 (3 + n) (5 + n) a s 

Ye (P, s) = 

m 

1 + X b k  s h 
k=l 

n 

1 + X a n  s ~ 
k=l 

(18) 

Yi (P, s) --  

m 

X ( a n  - -  bh) s k-1 
a k=l 

1 + an sn 
k=l 

(19) 

In  e x p r e s s i o n s  (18), (19) s u m m a t i o n  i s  c a r r i e d  ou t  o v e r  n u m b e r s  k = 1 ,  2 . . . . .  m . . . . .  n ,  w h e r e  

m _ ~ n .  

T h e  c o e f f i c i e n t s  of the  e x p a n s i o n  of  t r a n s f e r  f u n c t i o n s  (17) fo r  the  l o c a l  t e m p e r a t u r e  of the  body  u(p ,  

7) a r e  found  b y  the  f o r m u l a s :  

r (~ + 1) i + 2k { R 2 ~n (20) 
a~ = - f f ~ - ~ r  (k)r (~ + ~  + 1) - ~ - - - ~ - ~ - )  ' 

/R,:? 
be= 2sn~r(})r(} + ~ 4  1) \ - ~ - ] '  (21) 
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r(v + i) i +2~-(1--p~h) (_~)~. 
a~--b  k =  22k_lF(k ) F ( k + v + l )  (22) 

The rep lacement  of the t r ans fe r  functions (Table 1) by thei r  approximate  express ions  (18) and (19) 
pe rmi t s  changing f rom par t ia l  different ia l  equations (3) to o rd inary  differential  equations. Le t  the initial 
values of u(p, T), Ze(~-), and z i ( r  ) together  with thei r  der iva t ives  with r e spec t  to t ime up to o rde r s  m and 
n inclusively be equal to ze ro .  Then as a r e su l t  of inverse  t rans format ion  of Eq. (6) with considerat ion of 
(18) and (19) we obtain 

m 

n Z a  daa(p,-r ~ daze(,) a a Z d~'-iz'(') 
u (9, .) + a d ." = ze (x) + b, d ~a + ~ (a 1 --bl) z~ (.) + ~ (a. - -  b,) d.k-1 , (23) 

k~l k~l b=9  

where  

I R ~ 
Ze(T) = t(~) +wq (~); Z, (~) = ~- W(~). (24) 

Similar equations can be obtained from expressions (9) for the characteristic temperatures of the 
body u0(~-), uS(T), and uv(r). 

The number of terms of the expansion retained can vary depending on the requirements of practical 
accuracy. However, for many applied problems good results are obtained already with the use of the second 
approximation, when m = 1 and n = 2. In this approximation the transfer functions for the temperature have 
the fo rm 

l + b  i s  a a 1 - b  l + ( a ~ - b ~ ) s  
I +als+a~s ~ , Yi (P ,S)=~-  l + a l s + a 2 s  ~ ; (25) Ye (,o, s), 

accordingly Eq. (23) is simplified: 

du (p, ~) # u (p, ,) 
u(p,~) + al d~ +a~ d, ~ 

dze (,) a a dz~ (,) 
= ze (~) + bl ~ + ~ (a 1 - -  hi) z i (,) + ~ (a~ - -  b~) d ,  " (26) 

Unlike b k coeff icients  a k do not depend on coordinate  p. The values of the coefficients a r e  given in 
Table  2. 

To de te rmine  the cha rac te r i s t i c  t empera tu re  of the body the function u(p, T) in Eqs. (23) and (26) is 
rep laced  accordingly  by u0(7), US(T ), or  uv (7 ) ,  and coefficients  b i and b 2 in express ions  (23), (25), and (26) 
a r e  rep laced  by bl, S and bi, V (for the cent ra l  t empera tu re  bl, 0 = b2, 0 = 0). 

T r a n s f e r  functions (18), (19), and (25) and the different ial  equations of the re la t ion between the effects  
of the fo rm (23) and (26) can be used for  solving d ive rse  p rob lems  of heat  t r ans fe r .  

Y 
C 

~ , a  
T 

p = f i r  
R 
n 

s 
u(p, T), U(p, s) 
Uo(T), us(r), uv(~-) 
Uo(s), Us(s), Uv(s) 
Ye, Yi 
Ye, Yi 

0 
Iv 
F 

N O T A T I O N  

is the densi ty;  
is the specif ic  heat; 
a r e  the heat  conductivity and thermal  diffusivity of the body; 
is the t ime;  
is the re la t ive  coordinate;  
is the cha rac t e r i s t i c  dimension;  
is the fo rm fac tor  of the body; 
is the Laplace  t r ans fo rm p a r a m e t e r ;  
a r e  the t empe ra tu r e  of body and its Laplace  t r ans fo rm;  
a r e  the cen t ra l ,  ave rage  sur face ,  and average  volume t empera tu re  of body; 
a r e  the t r an s fo rms  of these t em p e ra tu r e s ;  
a r e  the t r ans fe r  functions; 
a r e  the originals  of t r ans fe r  functions; 
is the Biot  number ;  
is the var iable  of integration;  
is the cyl indr ical  function of the second kind with rea l  index v ; 
is the gamma function. 
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